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Abstract. Let F be a finite field of characteristic p > 0 with
q = pn elements. In this paper, a complete characterization of the
unit groups U(FG) of group algebras FG for the abelian groups of
order 32, over finite field of characteristic p > 0 has been obtained.
Key words: Group algebras, Unit groups, Jacobson radical.
Mathematics Subject Classification (2010): 16S34, 17B30.
1. Introduction
Let FG be the group algebra of a group G over a field F . Suppose
U(FG) be the group of all invertible elements of the group algebra FG,
called unit group of FG. In this paper, we study the unit groups of
group algebra for abelian groups of order 32. Suppose V (FG) be the
normalized unit group, ω(G) be the augmentation ideal of G, J(FG)
is the Jacobson radical of the group algebra and V = 1+ J(FG). It is
known fact that U(FG) ∼= V (FG)×F ∗. An element g ∈ G is called p-
regular if (p, o(g)) = 1, where CharF = p > 0. Now letm be the L.C.M.
of the orders of all the p-regular elements of G and ξ be a primitivem-th
root of unity. Suppose T is the multiplicative group consisting of those
integers t, taken modulo m, which gives ξ → ξt an F-automorphism
of F (ξ) over F . Let g1, g2 ∈ G are two p-regular elements. These are
said to be F -conjugate if gt1 = x
−1g2x, where x ∈ G and t ∈ T . This
defines an equivalence relation, so we have a partitions of the p-regular
elements ofG into p-regular, F -conjugacy classes. Our problem is based
on the Witt-Berman theorem [6, Ch.17, Theorem 5.3], which states
that the number of non-isomorphic simple FG-modules is equal to the
number of F -conjugacy classes of p-regular elements of G. Problem of
finding unit groups of group algebras generated a considerable interest
in recent decade and can be easily seen in [2,5,7,8,10,13–15]. Recently
in [1,12], Sahai and Ansari have characterized the unit groups of group
algebras for the abelian groups of orders up to 20. Let G be a group of
order 32, we have seven non-isomorphic abelian groups C32, C16 × C2,
C8×C4, C8×C2×C2, C4×C4×C2, C4×C
3
2 and C
5
2 . We have completely
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obtained the structure of the unit groups of the group algebras for all
these seven groups over any finite field of characteristics p > 0. Here,
we denote M(n, F ) the algebra of all n× n matrices over F , GL(n, F )
is the general linear group of degree n over F , CharF the characteristic
of F , Cn is the cyclic group of order n and F
∗ = F \ {0}.
2. Preliminaries
We use the following results frequently throughout our work.
Lemma 2.1. [4, Proposition 1.2] The number of simple components
of FG/J(FG) is equal to the number of cyclotomic F -classes in G.
Lemma 2.2. [3, Lemma 2.1] Let F be a finite field of characteristic p
with |F | = q = pn. Then U(FCkp ) = C
n(pk−1)
p × Cpn−1.
Lemma 2.3. [9, Lemma 2.3] Let F be a finite field of characteristic p
with |F | = q = pn. Then
U(FCpk) ∼=
{
C
n(p−1)
p × Cpn−1 if k = 1;∏k
s=1C
hs
ps × Cpn−1, otherwise,
where hk = n(p− 1) and hs = np
k−s−1(p− 1)2 for all s, 1 ≤ s < k.
Lemma 2.4. [11] Let G be a group and R be a commutative ring. Then
the set of all finite class sums forms an R-basis of ζ(RG), the center
of RG.
Lemma 2.5. [11] Let FG be a semi-simple group algebra. If G′ denotes
the commutator subgroup of G, then
FG = FGe
G′
⊕∆(G,G′)
where FGe
G′
∼= F (G/G′) is the sum of all commutative simple compo-
nents of FG and ∆(G,G′) is the sum of all the others.
3. Main Results
Theorem 3.1. Let F be a finite field of characteristic p > 0, having
q = pn elements and G ∼= C32.
(1) If p = 2. Then,
U(FC32) ∼= C
n
32 × C
n
16 × C
2n
8 × C
4n
4 × C
8n
2 × C2n−1.
(2) If p 6= 2. Then,
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U(FC32) ∼=

C32pn−1, if q ≡ 1mod 32;
C2pn−1 × C
15
p2n−1, if q ≡ −1mod 32;
C2
p8n−1 × C
2
p4n−1 × C
3
p2n−1 × C
2
pn−1, if q ≡ 3, −5, 11, −13 mod 32;
C2
p8n−1 × C
2
p4n−1 × C
2
p2n−1 × C
4
pn−1, if q ≡ −3, 5, −11, 13 mod 32;
C2pn−1 × C
4
p4n−1 × C
7
p2n−1, if q ≡ 7mod 32;
C8pn−1 × C
4
p2n−1 × C
4
p4n−1, if q ≡ −7mod 32;
C2pn−1 × C
15
p2n−1, if q ≡ 15mod 32;
C16pn−1 × C
8
p2n−1, if q ≡ −15mod 32.
Proof. The presentation of C32 is given by
C32 =< a | a
32 = 1 > .
(1) If p = 2, then |F | = q = 2n. Since G ∼= C32 ∼= C25, therefore
using Lemma 2.3, we have
U(FC32) ∼= C
n
32 × C
n
16 × C
2n
8 × C
4n
4 × C
8n
2 × C2n−1.
(2) If p 6= 2, then p does not divides |C32|, therefore by Maschke’s
theorem, FC32 is semisimple over F . Hence by Wedderburn
decomposition theorem and by Lemma 2.5, we have
FC32 ∼= (
r⊕
i=1
M(ni, Di))
where for each i, ni ≥ 1 and Di’s are finite field extensions of
F . Since group is abelian, therefore dimension constraint gives
ni = 1, for every i. It is clear that C32 has 32 conjugacy classes.
Now for any k ∈ N , xq
k
= x, ∀x ∈ ζ(FC32) if and only Ĉ
qt
i = Ĉi,
for all 1 ≤ i ≤ 32. It exists if and only if 32|qk − 1 or 32|qk + 1.
If D∗i =< yi > for all i, 1 ≤ i ≤ r, then x
qk = x, ∀x ∈ ζ(FC32)
if and only if yq
k
i = 1, which holds if and only if [Di : F ]|k, for
all 1 ≤ i ≤ r. Hence the least number t such that 32|qk − 1 or
32|qk + 1,
t = l.c.m.{[Di : F ]|1 ≤ i ≤ r}.
Therefore all conjugacy classes of C32 are p-regular andm=32.
By observation we have following possibilities for q:
(a) If q ≡ 1mod 32, then t = 1;
(b) If q ≡ −1mod 32, then t = 2;
(c) If q ≡ 3, −5, 11, −13 mod 32;, then t = 8;
(d) If q ≡ −3, 5, −11, 13 mod 32;, then t = 8;
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(e) If q ≡ 7 mod 32, then t = 4;
(f) If q ≡ −7 mod 32, then t = 4;
(g) If q ≡ 15 mod 32, then t = 2;
(h) If q ≡ −15 mod 32, then t = 2.
Now we will find T and the number of p-regular F -conjugacy classes,
denoted by c. By Lemma 2.4, dimF (ζ(FC32)) = 32, therefore
∑r
i=1[Di :
F ] = 32. We have the following cases:
(1) If q ≡ 1mod 32, then T = {1}mod 32. Thus p-regular F -
conjugacy classes are the conjugacy classes of C32 and c=32.
Hence FC32 ∼= F
32.
(2) If q ≡ −1mod 32, then T = {1,−1}mod 32. Thus p-regular F -
conjugacy classes are {1}, {a16}, {a±i}, 1 ≤ i ≤ 15 and c=17.
Hence FC32 ∼= F
2 ⊕ F 152 .
(3) If q ≡ 3, −5, 11, −13 mod 32, then T = {1, 3, 9, 11, 17, 19, 25, 27}mod 32.
Thus p-regular F -conjugacy classes are {1}, {a, a3, a9, a11, a17, a19, a25, a27},
{a2, a6, a18, a22}, {a4, a12}, {a5, a7, a13, a15, a21, a23, a29, a31}, {a8, a24},
{a10, a14, a26, a30}, {a16}, {a20, a28} and c=9. Hence FC32 ∼=
F 28 ⊕ F
2
4 ⊕ F
3
2 ⊕ F
2.
(4) If q ≡ −3, 5, −11, 13 mod 32, then T = {1, 5, 9, 13, 17, 21, 25, 29}mod 32.
Thus p-regular F -conjugacy classes are {1}, {a, a5, a9, a13, a17, a21, a25, a29},
{a2, a10, a18, a26}, {a4, a20}, {a3, a7, a11, a15, a19, a23, a27, a31}, {a8},
{a6, a14, a22, a30}, {a16}, {a24}, {a12, a28} and c=10. Hence FC32 ∼=
F 28 ⊕ F
2
4 ⊕ F
2
2 ⊕ F
4.
(5) If q ≡ 7mod 32, then T = {1, 7, 17, 23}mod 32. Thus, p-regular
F -conjugacy classes are {1}, {a, a7, a17, a23}, {a2, a14}, {a3, a5, a19, a21},
{a4, a28}, {a6, a10}, {a8, a24}, {a9, a15, a25, a31}, {a11, a13, a27, a29},
{a12, a20}, {a16}, {a18, a30}, {a22, a26} and c = 13. Hence FC32 ∼=
F 2 ⊕ F 44 ⊕ F
7
2 .
(6) If q ≡ −7mod 32, then T = {1, 9, 17, 25}mod 32. Thus, p-
regular F -conjugacy classes are {1}, {a, a9, a17, a25}, {a2, a18},
{a3, a11, a19, a27}, {a4}, {a6, a22}, {a5, a13, a21, a29}, {a7, a15, a23, a31},
{a8}, {a10, a26}, {a12}, {a16}, {a14, a30}, {a20}, {a24}, {a28} and
c = 16. Hence FC32 ∼= F
8 ⊕ F 42 ⊕ F
4
4 .
(7) If q ≡ 15mod 32, then T = {1, 15}mod 32. Thus, p-regular F -
conjugacy classes are {1}, {a, a15}, {a2, a30}, {a3, a13}, {a4, a28},
{a5, a11}, {a6, a26}, {a7, a9}, {a8, a24}, {a10, a22}, {a12, a20}, {a14, a18},
{a17, a31}, {a19, a29}, {a21, a27}, {a23, a25}, {a16} and c=17. Hence,
FC32 ∼= F
2 ⊕ F 152 .
(8) If q ≡ −15mod 32, then T = {1, 17}mod 32. Thus, p-regular F -
conjugacy classes are {1}, {a, a17}, {a2}, {a30}, {a3, a19}, {a4},
UNIT GROUPS OF GROUP ALGEBRAS OF ABELIAN GROUPS OF ORDER 325
{a28}, {a5, a21}, {a6}, {a26}, {a7, a23}, {a8}, {a24}, {a9, a25},
{a10}, {a22}, {a11, a27}, {a13, a29}, {a15, a31}, {a12}, {a20}, {a16},
{a14}, {a18} and c=24. Hence, FC32 ∼= F
16 ⊕ F 82 . Thus our re-
sult follows.

Theorem 3.2. Let F be a finite field of characteristic p > 0 having
q = pn elements and G ∼= C16 × C2.
(1) If p = 2. Then, U(F [C16×C2]) ∼= C
n
16×C
n
8 ×C
2n
4 ×C
20n
2 ×C2n−1.
(2) If p 6= 2. Then,
U(F [C16 × C2]) ∼=

C32pn−1, if q ≡ 1mod 16;
C4pn−1 × C
14
p2n−1, if q ≡ −1mod 16;
C4pn−1 × C
6
p2n−1 × C
4
p4n−1, if q ≡ 3,−5mod 16;
C8pn−1 × C
4
p2n−1 × C
4
p4n−1, if q ≡ −3, 5mod 16;
C4pn−1 × C
14
p2n−1, if q ≡ 7mod 16;
C16pn−1 × C
8
p2n−1, if q ≡ −7mod 16.
Proof. The presentation of G ∼= C16 × C2 is given by
C16 × C2 =< a, b | a
16 = b2 = 1, ab = ba > .
(1) If p = 2, then FG is non-semisimple and |F | = q = 2n. It is
well known that U(FG) ∼= V (FG) × F ∗ and |V (FG)| = 231n
as dimFJ(FG) = 31. Obviously exponent of V (FG) is 16.
Suppose V (FG) ∼= C l116 × C
l2
8 × C
l3
4 × C
l4
2 such that 2
31n =
16l1 × 8l2 × 4l3 × 2l4 . Now we will compute l1, l2, l3 and l4. Set
W1 =
{
γ1 ∈ ω(G) : γ
2
1 = 0 and there exists β ∈ ω(G),
such that γ1 = β
8
}
, W2 =
{
γ2 ∈ ω(G) : γ
2
2 = 0 and there exists
β ∈ ω(G), such that γ2 = β
4
}
and W3 =
{
γ3 ∈ ω(G) : γ
2
3 =
0 and there exists β ∈ ω(G), such that γ3 = β
2
}
. Now if γ =∑1
j=0
∑15
i=0 α16j+ia
ibj ∈ ω(G), then
∑15
i=0 α2i+j = 0, for j = 0, 1.
Also γ2 =
∑7
j=0
∑3
i=0 α
2
8i+ja
2j , γ4 =
∑3
j=0
∑7
i=0 α
4
4i+ja
4j and
γ8 =
∑1
j=0
∑15
i=0 α
8
2i+ja
8j . Let β =
∑1
j=0
∑15
i=0 β16j+ia
ibj , such
that γ1 = β
8. Now applying condition γ21 = 0 and by direct
computation we have αi = 0, for all i 6= 0, 8 and α0 = α8. Thus
W1 =
{
α0(1 + a
8), α0 ∈ F
}
, |W1| = 2
n and l1 = n. Similarly,
applying the conditions γ2 = β
4 and γ22 = 0, we have αi = 0,
for all i 6= 0, 4 and α0 = α4. Thus W2 =
{
α0(1 + a
4), α0 ∈ F
}
,
|W2| = 2
n and l2 = n. Again, applying the conditions γ3 = β
8
and γ23 = 0. We have αi = 0, for all i 6= 0, 2, 8, 10 and α0 = α8,
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α2 = α10. ThusW3 =
{
(α0+α2a
2)(1+a8), α0, α2 ∈ F
}
, l3 = 2n
and l4 = 20n. Hence V (FG) ∼= C
n
16×C
n
8 ×C
2n
4 ×C
20n
2 and hence
the result.
(2) If p 6= 2, then |F | = pn. Using the similar arguments as in
Theorem 3.1, F [C16 × C2] is semisimple and we have m=16,∑r
i=1[Di : F ] = 32. By observation we have following possibili-
ties for q:
(a) If q ≡ 1 mod 16, then t = 1;
(b) If q ≡ −1 mod 16, then t = 2;
(c) If q ≡ 3, −5mod 16, then t = 4;
(d) If q ≡ −3, 5mod 16, then t = 4;
(e) If q ≡ 7 mod 16, then t = 2;
(f) If q ≡ −7 mod 16, then t = 2.
Hence we have the following cases:
(1) If q ≡ 1mod 16, then T = {1}mod 16. Thus, p-regular F -
conjugacy classes are the conjugacy classes of C16 × C2 and
c=32. Hence F [C16 × C2] ∼= F
32.
(2) If q ≡ −1mod 16, then T = {1,−1}mod 16. Thus, p-regular
F -conjugacy classes are {1}, {b}, {a8}, {a±i}, where 1 ≤ i ≤ 7,
{a8b}, {ajb, a−jb}, where 1 ≤ j ≤ 7 and c=18. Hence F [C16 ×
C2] ∼= F
4 ⊕ F 142 .
(3) If q ≡ 3, −5mod 16, then T = {1, 3, 9, 11}mod 16. Thus, p-
regular F -conjugacy classes are {1}, {b}, {a, a3, a−7, a−5},
{a−1, a−3, a5, a7}, {a2, a6}, {a−2, a−6}, {a±4}, {a8}, {ab, a3b,
a−7b, a−5b}, {a−1b, a−3b, a5b, a7b}, {a2b, a6b}, {a−2b, a−6b}, {a±4b},
{a8b} and c=14 . Hence F [C16 × C2] ∼= F
6
2 ⊕ F
4
4 ⊕ F
4.
(4) If q ≡ −3, 5mod 16, then T = {1, 5, 9, 13}mod 16. Thus, p-
regular F -conjugacy classes are {1}, {b}, {a, a5, a−3, a−7},
{a−1, a−5, a3, a7}, {a2, a−6}, {a−2, a6}, {a4}, {a−4}, {a8},
{ab, a5b, a−3b, a−7b}, {a−1b, a−5b, a3b, a7b}, {a2b, a−6b}, {a−2b, a6b},
{a4b}, {a−4b}, {a8b} and c=16 . Hence F [C16 × C2] ∼= F
4
2 ⊕
F 44 ⊕ F
8.
(5) If q ≡ 7mod 16, then T = {1, 7}mod 16. Thus, p-regular F -
conjugacy classes are {1}, {b}, {a, a7}, {a3, a5}, {a−1, a−7},
{a−3, a−5}, {a±2}, {a±6}, {a±4}, {a8}, {ab, a7b}, {a3b, a5b},
{a−1b, a−7b}, {a−3b, a−5b}, {a±2b}, {a±6b}, {a±4b}, {a8b} and
c=18 . Hence F [C16 × C2] ∼= F
14
2 ⊕ F
4.
(6) If q ≡ −7mod 16, then T = {1, 9}mod 16. Thus, p-regular
F -conjugacy classes are {1}, {b}, {a, a−7}, {a3, a−5}, {a−1, a7},
{a−3, a5}, {a2}, {a−2}, {a6}, {a−6}, {a4}, {a−4}, {a8}, {ab, a−7b},
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{a3b, a−5b}, {a−1b, a7b}, {a−3b, a5b}, {a2b}, {a−2b}, {a6b}, {a−6b},
{a4b}, {a−4b}, {a8b} and c=24 . Hence F [C16×C2] ∼= F
8
2 ⊕F
16.
Thus we have the result.

Theorem 3.3. Let F be a finite field of characteristic p > 0 having
q = pn elements and G ∼= C8 × C4.
(1) If p = 2. Then,
U(F [C8 × C4]) ∼= C
n
8 × C
5n
4 × C
18n
2 × C2n−1.
(2) If p 6= 2. Then,
U(F [C8 × C4]) ∼=

C32pn−1, if q ≡ 1mod 8;
C4pn−1 × C
14
p2n−1, if q ≡ −1mod 8;
C4pn−1 × C
14
p2n−1, if q ≡ 3mod 8;
C16pn−1 × C
8
p2n−1, if q ≡ −3mod 8.
Proof. The presentation of G ∼= C8 × C4 is given by
C8 × C4 =< a, b | a
8 = b4 = 1, ab = ba > .
(1) If p = 2, then FG is non-semisimple and |F | = q = 2n. It is
well known that U(FG) ∼= V (FG)×F ∗ and |V (FG)| = 231n as
dimFJ(FG) = 31. Obviously exponent of V (FG) is 8. Suppose
V (FG) ∼= C l18 ×C
l2
4 ×C
l3
2 such that 2
31n = 8l1 × 4l2 × 2l3. Now
we will compute l1, l2 and l3. Set W1 =
{
α ∈ ω(G) : α2 =
0 and there exists β ∈ ω(G), such thatα = β4
}
, W2 =
{
γ ∈
ω(G) : γ2 = 0 and there exists β ∈ ω(G), such that γ = β2
}
.
If α =
∑3
j=0
∑7
i=0 α8j+ia
ibj ∈ ω(G), then
∑7
i=0 α4i+j = 0, for
j = 0, 1, 2, 3. Let β =
∑3
j=0
∑7
i=0 β8j+ia
ibj such that α =
β4. Now applying condition α2 = 0, α = β4 and by direct
computation, we have αi = 0, for all i 6= 0, 4 and α0 = α4.
Thus W1 =
{
α0(1 + a
4), α0 ∈ F
}
. Therefore |W1| = 2
n and
l1 = n. Similarly, applying the conditions γ = β
2 , γ2 = 0
and by direct computation, we have |W2| = 2
5n, l2 = 5n and
l3 = 18n. Hence V (FG) ∼= C
n
8 × C
5n
4 × C
18n
2 and hence the
result.
(2) If p 6= 2, then |F | = pn. Using the similar arguments as in
Theorem 3.1, F [C8 × C4] is semisimple and we have m=8,∑r
i=1[Di : F ] = 32. By observation we have following possi-
bilities for q:
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(a) If q ≡ 1 mod 8, then t = 1;
(b) If q ≡ −1 mod 8, then t = 2;
(c) If q ≡ 3mod 8, then t = 2;
(d) If q ≡ −3mod 8, then t = 2.
Hence we have the following cases:
(1) If q ≡ 1mod 8, then T = {1}mod 8. Thus, p-regular F -conjugacy
classes are the conjugacy classes of C8 × C4 and c=32. Hence
F [C8 × C4] ∼= F
32.
(2) If q ≡ −1mod 8, then T = {1,−1}mod 8. Thus, p-regular
F -conjugacy classes are {1}, {b2}, {b, b3}, {a±1}, {a±2}, {a±3},
{a4}, {ab, a−1b3}, {a2b, a−2b3}, {a3b, a−3b3}, {a4b, a4b3}, {a−3b, a3b3},
{a−2b, a2b3}, {a−1b, ab3}, {ab2, a−1b2}, {a−2b2, a2b2}, {a3b2, a−3b2},
{a4b2} and c=18. Hence F [C8 × C4] ∼= F
4 ⊕ F 142 .
(3) If q ≡ 3mod 8, then T = {1, 3}mod 8. Thus, p-regular F -
conjugacy classes are {1}, {b2}, {b, b3}, {a, a3}, {a2, a−2}, {a−1, a−3},
{a4}, {ab, a3b3}, {a2b, a−2b3}, {a−1b, a−3b3}, {a4b, a4b3}, {ab3, a3b},
{a2b3, a−2b}, {a−1b3, a−3b}, {ab2, a3b2}, {a2b2, a−2b2}, {a−1b2, a−3b2},
{a4b2} and c=18. Hence F [C8 × C4] ∼= F
4 ⊕ F 142 .
(4) If q ≡ −3mod 8, then T = {1, 5}mod 8. Thus, p-regular F -
conjugacy classes are {1}, {b}, {b2}, {b3}, {a, a−3}, {a2}, {a−2},
{a−1, a3}, {a4}, {ab, a−3b}, {a2b}, {a−2b}, {a−1b, a3b}, {a4b},
{ab2, a−3b2}, {a2b2}, {a−2b2}, {a−1b2, a3b2}, {a4b2}, {ab3, a−3b3},
{a2b3}, {a−2b3}, {a−1b3, a3b3}, {a4b3} and c=24. Hence F [C8×
C4] ∼= F
16 ⊕ F 82 .
Thus we have the result.

Theorem 3.4. Let F be a finite field of characteristic p > 0 having
q = pn elements and G ∼= C8 × C2 × C2.
(1) If p = 2. Then,
U(F [C8 × C2 × C2]) ∼= C
n
8 × C
n
4 × C
26n
2 × C2n−1.
(2) If p 6= 2. Then,
U(F [C8 × C2 × C2]) ∼=

C32pn−1, if q ≡ 1mod 8;
C8pn−1 × C
12
p2n−1, if q ≡ −1mod 8;
C8pn−1 × C
12
p2n−1, if q ≡ 3mod 8;
C16pn−1 × C
8
p2n−1, if q ≡ −3mod 8.
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Proof. The presentation of G ∼= C8 × C2 × C2 is given by
C8×C2×C2 =< a, b, c | a
8 = b2 = c2 = 1, ab = ba, bc = cb, ac = ca > .
(1) If p = 2, then FG is non-semisimple and |F | = q = 2n. It is
well known that U(FG) ∼= V (FG) × F ∗ and |V (FG)| = 231n
as dimFJ(FG) = 31. Obviously exponent of V (FG) is 8. Sup-
pose V (FG) ∼= C l18 × C
l2
4 × C
l3
2 such that 2
31n = 8l1 × 4l2 × 2l3.
Now we will compute l1, l2 and l3. Set W1 =
{
α ∈ ω(G) : α2 =
0 and there exists β ∈ ω(G), such thatα = β4
}
, W2 =
{
γ ∈
ω(G) : γ2 = 0 and there exists β ∈ ω(G), such that γ = β2
}
.
Let α =
∑1
k=0
∑1
j=0
∑7
i=0 α8(j+2k)+ia
ibjck ∈ ω(G) and
β =
∑1
k=0
∑1
j=0
∑7
i=0 β8(j+2k)+ia
ibjck such that α = β4. Now
applying the conditions α2 = 0, α = β4 and by direct compu-
tation, we have αi = 0, for all i 6= 0, 4 and α0 = α4. Thus
W1 =
{
α0(1 + a
4), α0 ∈ F
}
. Therefore |W1| = 2
n and l1 = n.
Similarly, applying the conditions γ = β2 , γ2 = 0 and by direct
computation, we have αi = 0, for all i 6= 0, 2 and α0 = α2. Thus
W2 =
{
α0(1 + a
2), α0 ∈ F
}
. Therefore |W2| = 2
n, l2 = n and
l3 = 26n. Hence V (FG) ∼= C
n
8 ×C
n
4 ×C
26n
2 and hence the result
follows.
(2) If p 6= 2, then |F | = pn. Using the similar arguments as in
Theorem 3.1, F [C8×C2×C2] is semisimple andm=8,
∑r
i=1[Di :
F ] = 32. Here the number of p-regular F -conjugacy classes,
denoted by w. By observation we have following possibilities
for q:
(a) If q ≡ 1 mod 8, then t = 1;
(b) If q ≡ −1 mod 8, then t = 2;
(c) If q ≡ 3mod 8, then t = 2;
(d) If q ≡ −3mod 8, then t = 2.
Now we have the cases:
(1) If q ≡ 1mod 8, then T = {1}mod 8. Thus, p-regular F -conjugacy
classes are the conjugacy classes of C8 × C2 × C2 and w=32.
Hence F [C8 × C2 × C2] ∼= F
32.
(2) If q ≡ −1mod 8, then T = {1, 7}mod 8. Thus, p-regular F -
conjugacy classes are {1}, {a, a7}, {a2, a6}, {a3, a5}, {a4}, {b},
{c}, {ab, a7b}, {a2b, a6b}, {a3b, a5b}, {a4b}, {ac, a7c}, {a2c, a6c},
{a3c, a5c}, {a4c}, {bc}, {abc, a7bc}, {a2bc, a6bc}, {a3bc, a5bc},
{a4bc} and w=20. Hence F [C8 × C2 × C2] ∼= F
8 ⊕ F 122 .
(3) If q ≡ 3mod 8, then T = {1, 3}mod 8. Thus, p-regular F -
conjugacy classes are {1}, {a, a3}, {a2, a6}, {a5, a7}, {a4}, {b},
{c}, {ab, a3b}, {a2b, a6b}, {a5b, a7b}, {a4b}, {ac, a3c}, {a2c, a6c},
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{a5c, a7c}, {a4c}, {bc}, {abc, a3bc}, {a2bc, a6bc}, {a5bc, a7bc},
{a4bc} and w=20. Hence F [C8 × C2 × C2] ∼= F
8 ⊕ F 122 .
(4) If q ≡ −3mod 8, then T = {1, 5}mod 8. Thus, p-regular F -
conjugacy classes are {1}, {a, a5}, {a2}, {a6}, {a3, a7}, {a4},
{b}, {c}, {ab, a5b}, {a2b}, {a6b}, {a3b, a7b}, {a4b}, {ac, a5c},
{a2c}, {a6c}, {a3c, a7c}, {a4c}, {bc}, {abc, a5bc}, {a2bc}, {a6bc},
{a3bc, a7bc}, {a4bc} and w=24. Hence F [C8×C2×C2] ∼= F
16⊕
F 82 .
Thus we have the result.

Theorem 3.5. Let F be a finite field of characteristic p > 0 having
q = pn elements and G ∼= C24 × C2.
(1) If p = 2. Then,
U(F [C24 × C2])
∼= C3n4 × C
25n
2 × C2n−1.
(2) If p 6= 2. Then,
U(F [C24 × C2])
∼=
{
C32pn−1, if q ≡ 1mod 4;
C8pn−1 × C
12
p2n−1, if q ≡ −1mod 4.
Proof. The presentation of G ∼= C4 × C4 × C2 is given by
C24 × C2 =< a, b, c | a
4 = b4 = c2 = 1, ab = ba, bc = cb, ac = ca > .
(1) If p = 2, then FG is non-semisimple and |F | = q = 2n. It
is well known that U(FG) ∼= V (FG) × F ∗ and |V (FG)| =
231n as dimFJ(FG) = 31. Obviously exponent of V (FG) is
4. Suppose V (FG) ∼= C l14 × C
l2
2 such that 2
31n = 4l1 × 2l2.
Now we will compute l1 and l2. Set W =
{
α ∈ ω(G) :
α2 = 0 and there exists β ∈ ω(G), such thatα = β2
}
. If α =∑1
k=0
∑3
j=0
∑3
i=0 α4(j+4k)+ia
ibjck ∈ ω(G), then
∑3
i=0 α2(j+2k)+i =
0, for j = 0, 1, 2, 3 and k = 0, 1. Let β =
∑1
k=0
∑3
j=0
∑3
i=0 β4(j+4k)+ia
ibjck
such that α = β2. Now applying the conditions α2 = 0,
α = β2 and by direct computation, we have αi = 0, for all
i 6= 0, 2, 8, 10 and α0 = α2. Thus W =
{
α0(1 + a
2) + (α8 +
α10a
2)b2, α0, α8, α10 ∈ F
}
. Therefore |W | = 23n, l1 = 3n and
l2 = 25n. Hence V (FG) ∼= C
3n
4 × C
25n
2 and the result follows.
(2) If p 6= 2, then |F | = pn. Using the similar arguments as in
Theorem 3.1, F [C4×C4×C2] is semisimple andm=4,
∑r
i=1[Di :
F ] = 32 . By observation we have following possibilities for q:
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(a) If q ≡ 1 mod 4, then t = 1;
(b) If q ≡ −1 mod 4, then t = 2.
Now we have the cases:
(1) If q ≡ 1mod 4, then T = {1}mod 4. Thus, p-regular F -conjugacy
classes are the conjugacy classes of C4 × C4 × C2 and w=32.
Hence F [C4 × C4 × C2] ∼= F
32.
(2) If q ≡ −1mod 4, then T = {1, 3}mod 4. Thus, p-regular F -
conjugacy classes are {1}, {a, a3}, {a2}, {b, b3}, {b2}, {c}, {ab, a3b3},
{ab2, a3b2}, {ab3, a3b}, {a2b, a2b3}, {a2b2}, {bc, b3c}, {b2c}, {abc, a3b3c},
{ab2c, a3b2c}, {ab3c, a3bc}, {a2bc, a2b3c}, {a2b2c}, {ac, a3c}, {a2c}
and w=20. Hence F [C4 × C4 × C2] ∼= F
8 ⊕ F 122 .
Thus we have the result.

Theorem 3.6. Let F be a finite field of characteristic p > 0 having
q = pn elements and G ∼= C4 × C
3
2 .
(1) If p = 2. Then,
U(F [C4 × C
3
2 ])
∼= Cn4 × C
29n
2 × C2n−1.
(2) If p 6= 2. Then,
U(F [C4 × C
3
2 ])
∼=
{
C32pn−1, if q ≡ 1mod 4;
C16pn−1 × C
8
p2n−1, if q ≡ −1mod 4.
Proof. The presentation of G ∼= C4 × C
3
2 is given by
C4×C
3
2 =< a, b, c, d | a
4 = b2 = c2 = d2 = 1, ab = ba, bc = cb, dc = cd, ad = da > .
(1) If p = 2, then FG is non-semisimple and |F | = q = 2n. It is
well known that U(FG) ∼= V (FG)×F ∗ and |V (FG)| = 231n as
dimFJ(FG) = 31. Obviously exponent of V (FG) is 4. Suppose
V (FG) ∼= C l14 × C
l2
2 such that 2
31n = 4l1 × 2l2 . Now we will
compute l1 and l2. Set
W =
{
α ∈ ω(G) : α2 = 0 and there exists β ∈ ω(G), such thatα = β2
}
.
Let α =
∑1
s=0
∑1
k=0
∑1
j=0
∑3
i=0 α4(j+2(k+2s))+ia
ibjckds ∈ ω(G)
and β =
∑1
s=0
∑1
k=0
∑1
j=0
∑3
i=0 β4(j+2(k+2s))+ia
ibjckds such that
α = β2. Now applying the conditions α2 = 0, α = β2 and by
direct computation, we have αi = 0, for all i 6= 0, 2 and α0 = α2.
Thus W =
{
α0(1 + a
2), α0 ∈ F
}
. Therefore |W | = 2n, l1 = n
and l2 = 29n. Hence V (FG) ∼= C
n
4×C
29n
2 and the result follows.
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(2) If p 6= 2, then |F | = pn. Using the similar arguments as in
Theorem 3.1, F [C4 × C
3
3 ] is semisimple and m=4,
∑r
i=1[Di :
F ] = 32. By observation we have following possibilities for q:
(a) If q ≡ 1 mod 4, then t = 1;
(b) If q ≡ −1 mod 4, then t = 2.
Now have the following cases:
(1) If q ≡ 1mod 4, then T = {1}mod 4. Thus, p-regular F -conjugacy
classes are the conjugacy classes of C4 × C
3
2 and w=32. Hence
F [C4 × C
3
2 ]
∼= F 32.
(2) If q ≡ −1mod 4, then T = {1, 3}mod 4. Thus, p-regular F -
conjugacy classes are {1}, {a, a3}, {a2} , {b}, {c}, {d}, {ab, a3b},
{a2b}, {ac, a3c}, {a2c}, {ad, a3d}, {a2d}, {bc}, {cd}, {bd}, {abc, a3bc},
{a2bc}, {acd, a3cd}, {a2cd}, {abd, a3bd}, {a2bd}, {bcd}, {abcd, a3bcd},
{a2bcd} and w=24. Hence F [C4 × C
3
2 ]
∼= F 16 ⊕ F 82 .
Hence we have the result.

Theorem 3.7. Let F be a finite field of characteristic p > 0 having
q = pn elements and G ∼= C52 .
(1) If p = 2. Then, U(F [C52 ])
∼= C31n2 × C2n−1.
(2) If p 6= 2. Then,
U(F [C52 ])
∼= C32pn−1, if q ≡ 1mod 2.
Proof. The presentation of G ∼= C52 is given by C
5
2 =< a, b, c, d, e | a
2 =
b2 = c2 = d2 = e2 = 1, ab = ba, bc = cb, dc = cd, ed = de, ea = ae > .
(1) If p = 2, then FG will be non-semisimple in this case and
|F | = q = 2n. Since G ∼= C52 , therefore by Lemma 2.2, we have
U(FG) ∼= C31n2 × C2n−1.
(2) If p 6= 2, then |F | = pn. Using the similar arguments as in
Theorem 3.1, F [C52 ] is semisimple andm=2,
∑r
i=1[Di : F ] = 32.
By observation we have q ≡ 1 mod 2 and t = 1.
Hence q ≡ 1mod 2, implies T = {1}mod 2.Thus, p-regular F -conjugacy
classes are the conjugacy classes of C52 and w=32. Therefore, F [C
5
2 ]
∼=
F 32 and we have the result.

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